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Abstract
Extant proofs of the spin-statistics connection (SSC) are kinematical. C S Unnikrishnan has
suggested that a dynamical interaction leading to the SSC would involve spin and perforce gravity,
the only known universal force. For the scattering of two identical particles, he considers [1] the
interaction of their spins with the gravito-magnetic field generated by their scattering motion through
cosmic matter-energy. There the direct and particles-exchanged scattering amplitudes accumulate
different quantum phases which provide the relevant bosonic/fermionic sign between them without
applying the ad hoc SSC rule. Here it is shown that the scattering probabilities given by the standard
implementation of SSC in quantum mechanics are actually not obtained from the above interaction
for most initial spin states of the scattering particles. Instead, an unrealized peculiar dynamical
interaction is required. Further, a spin-gravito-magnetic interaction as above (with caveats) would
result in a large unmeasured spin-orbit coupling type effect on atomic energy levels. A comparison
with a typical rotation based proof is also provided.
1 Introduction
The spin-statistics connection (SSC) is stated in quantum mechanics simply as: integer spin (using
h¯ = 1) particles follow Bose-Einstein statistics while half-odd-integer spin particles follow Fermi-Dirac
statistics.
Extant proofs of the spin-statistics connection are based on kinematics. Well established proofs of
the spin-statistics theorem in quantum field theory rely on Lorentz invariance while most quantum
mechanics based proposals rely on some form of rotational invariance or exchange implemented as rotation
arguments. See [2] for a review.
C S Unnikrishnan [3] has pointed out that cosmic gravity is ever present and its effects must be
taken into account. Further, it could provide a dynamical reason for the spin-statistics connection. A
dynamical cause of the SSC must be via cosmic gravity [4] as gravity is the only known universal force
and local mass effects are known to be too weak (cf. the Lense-Thirring effect due to earth) to cause the
requisite phase accumulation.
In [1], he attempts to derive the SSC as a consequence of dynamics, specifically the coupling of moving
particles having spin with the (approximately) homogeneous critical-density matter-energy distribution
of the universe. This is outlined in section 2.
In section 3, I show that this proposal does not in fact give the standard quantum mechanical differ-
ential scattering cross-section, except for four special initial spin states of the scattering particles. In
section 4, the spin-gravito-magnetic coupling is applied (with caveats) to an electron in an atom leading
to an unmeasured large fine structure splitting. The difference between the dynamical approach and
rotation based approach to the SSC is discussed in section 5. Section 6 is the conclusion.
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(b) process 2: each particle turns cw by pi − ϕ
Figure 1: Scattering of two identical particles into the same final state by two different processes (spins
perpendicular to plane of scattering)
2 Outline of dynamical approach to SSC in [1]
Consider the scattering of two identical spin s particles, in the center of mass frame as shown in figure
1, with both their spins aligned perpendicular to the plane of scattering. The interaction between the
two particles is for clarity assumed spin-independent. Now the same final indistinguishable state can
be attained by two processes as in figure 1. The ad hoc SSC dictates that we must add/subtract the
scattering amplitudes of these two processes depending on whether the spins are integer/half-odd integer
and then square to find the transition probability / differential cross-section. However in the approach
of [1], the scattering amplitudes are consistently added while the relative sign appears as a dynamical
phase difference between the two processes.
In the direct scattering case, in the center of mass frame, the momenta of each particle rotates through
angle ϕ as in figure 1(a), while in the exchanged case, through angle pi−ϕ (oppositely) as in figure 1(b).
The crucial assumption made in [1] is that this rotation of momenta is equivalent in physical effects to the
matter-energy in the universe rotating oppositely by the same angle, while the particles forward scatter
i.e. their momenta remain unchanged. The rotation of the matter-energy in the universe would generate
a gravito-magnetic (Lense-Thirring) field B with the interaction Hamiltonian being Hint = −µg.B,
where the gravitomagnetic moment of a spin s particle is µg = −s.
The gravitomagnetic field for a rotating cosmic matter-energy is now calculated. The metric for
a homogeneous isotropic (Robertson-Walker) universe with critical density in comoving coordinates
(t, x′, y′, z) is (c = 1 throughout)
ds2 = −dt2 + a2(t)(dx′2 + dy′2 + dz2). (1)
Transform to a frame (t, x, y, z) rotating at angular velocity ω about the z direction by applying the
transformations:
x′ = x cosωt− y sinωt , y′ = x sinωt+ y cosωt. (2)
These are not applied as a mere coordinate transformation. One is essentially measuring in a center of
mass frame rotating at angular velocity ω or equivalently as if the whole universe is rotating oppositely.
The metric transforms to:
gµν =


− 1 + (x2 + y2)ω2a2(t) − yωa2(t) xωa2(t) 0
−yωa2(t) a2(t) 0 0
xωa2(t) 0 a2(t) 0
0 0 0 a2(t)

 . (3)
The off-diagonal components correspond to a gravito-magnetic vector potential
A = (
1
2
yω,−1
2
xω, 0), (4)
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setting a(tnow) = 1 for a critical universe. The case of non-critical RW universe (k 6= 0) was not
considered in [1], but one can verify that the off-diagonal components still do not contain k. However,
the freedom to set a(tnow) = 1 is not there. The curl of A gives the gravito-magnetic field
B = (0, 0,−ω). (5)
Thus the interaction Hamiltonian is
Hint = −s.ω = −szωz (6)
which leads to a phase accumulation for the duration of scattering t = 0 to t = ts on the wave-function
of each particle:
exp(−i
∫ ts
0
Hintdt) = exp(i
∫ ts
0
szωzdt) = exp(iszϕ). (7)
The Hamiltonian here is the generator of infinitesimal coordinate time translation, hence the use of
coordinate time in the integral. The energy measured by a rotating observer will have a γ factor [5]
which will cancel with the use of proper time in the integral yielding the same result.
The phase on the post-scattering product wave-function of the two particles in the direct process would
be exp(i2sϕ) while in the exchanged process would be exp(i2s(−pi + ϕ)). These phase factors on the
post-scattering product wave-functions cause a relative factor of exp(i2pis) = ±1 depending on whether
s is integer / half-odd-integer between the two scattering amplitudes.
Thus the correct relative sign between the scattering amplitudes is obtained as a quantum phase
originating from cosmic gravity without recourse to an ad hoc rule.
3 Generalization to arbitrary spins?
The generalization of the above argument to spins in an arbitrary superposition of basis eigenkets was
not done in [1]. Here it is shown that the differential cross-sections given by the standard implementation
of SSC in quantum mechanics are not reproduced by the dynamical approach for most initial spin states
of the particles. The standard implementation of SSC in quantum mechanics is to symmetrize (under
particle label interchange) the wavefunction of identical integer spin particles and anti-symmetrize the
wavefunction for identical half-odd-integer spin particles. Note that for two particles, there are only
the possibilities of symmetrization and anti-symmetrization leading to bosonic and fermionic statistics
respectively (See [6] for this and greater than two particles).
Consider center of mass frame scattering as in figure 2 with arbitrary initial spins. I follow an amal-
gamation of the formalisms in [7] and [8]. The initial asymptotic product state is:
|φ〉 = |ψ1〉 ⊗
(∑
i
αi |is〉
)
⊗ |ψ2〉 ⊗

∑
j
βj |js〉

 . (8)
The left particle is in normalized initial state |ψ1〉⊗ (
∑
i αi |is〉), where the kets |is〉 with i = −s, . . . , s in
integer steps, are the orthonormal basis eigenkets of s2 and sˆz , z-axis being perpendicular to the plane
of scattering (x-y), and x-axis along initial momentum of left particle. Similarly for the right particle.
The final direct and exchanged asymptotic states are respectively:
|φ′〉 = |ψ3〉 ⊗
(∑
i
αi |is〉
)
⊗ |ψ4〉 ⊗

∑
j
βj |js〉

 (9)
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(b) process 2: each particle turns cw by pi − ϕ
Figure 2: Scattering of two identical particles (arbitrary spins) into the same final state by two different
processes. Since the scattering is taken spin-independent, the spins in the particles-exchanged case retain
their initial values (dashed lines) until they are measured in the final state (solid lines).
and
|φ′e〉 = |ψ4〉 ⊗
(∑
i
βi |is〉
)
⊗ |ψ3〉 ⊗

∑
j
αj |js〉

 . (10)
The first two slots in (8), (9) and (10) are for the space⊗spin Hilbert space of the left particle while the
last two slots are that for the right particle. Note that |φ′e〉 is experimentally indistinguishable from |φ′〉
and the final states shown in figures 2(a) and 2(b) corresponding to |φ′〉 and |φ′e〉 respectively are exactly
the same.
The detection process is polarization sensitive measuring the final states |ψ3〉⊗ (
∑
j αj |js〉) in the top
detector and |ψ4〉 ⊗ (
∑
i βi |is〉) in the bottom detector, irrespective of which particle went where. One
could as well choose to measure the more general final states |ψ3〉⊗ (
∑
i γi |is〉) and |ψ4〉⊗ (
∑
j δj |js〉) in
the top and bottom detectors respectively. But to keep expressions simple, we measure the final states
that would occur for direct scattering.
We consider the differential scattering cross-section from |φ〉 to |φ′〉. Λ is a projection operator Λ2 =
Λ = Λ†, which symmetrizes/anti-symmetrizes the wavefunction based on the spin of the scattering
particles
Λ |φ′〉 = 1
2
(|φ′〉 ± |φ′e〉) (11)
leading to a normalized state
√
2Λ |φ′〉. The unusual numerical factors are required to maintain Λ2 = Λ.
Thus the transition probability / differential cross-section is
w = |2 〈φ′|Λ†SΛ |φ〉|2 (12)
= |2 〈φ′|Λ†S |φ〉|2, (13)
where S is the scattering/evolution operator that takes the scattering potential/interaction into account
and Λ and Λ† commute with it. Energy dependence is left out as it is irrelevant to the present discussion.
For simplicity, interaction between particles is considered spin-independent so that S = Sspace⊗ 1 leaves
the spin part unchanged. Thus, the spins in the particles-exchanged case (figure 2(b)) retain their initial
values after scattering (dashed lines) until they are measured in the final state (solid lines).
Using (8), (9), (10) and (11) in (13) yields
w(ϕ) =
∣∣∣∣∣f(ϕ)± f(−pi + ϕ)

∑
i
β∗i αi
∑
j
α∗jβj


∣∣∣∣∣
2
(14)
where
f(ϕ) = (〈ψ3| ⊗ 〈ψ4|)Sspace(|ψ1〉 ⊗ |ψ2〉) (15)
and
f(−pi + ϕ) = (〈ψ4| ⊗ 〈ψ3|)Sspace(|ψ1〉 ⊗ |ψ2〉). (16)
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For simplicity, the equations here and below are written only for scattering in the x − y plane (f not
made a function of polar angle). There is no loss of generality as the axes can always be chosen in this
manner.
Now we consider the differential cross-section taking into account gravito-magnetic interaction in the
manner of [1]. The evolution operator S′ now has an extra spin-dependent gravito-magnetic part over the
S above. Instead of symmetrizing/anti-symmetrizing, one merely adds the two scattering amplitudes,
direct and exchanged, that yield the same final state |φ′〉 and the correct sign should come from the
spin-dependent gravito-magnetic part. The differential cross-section from |φ〉 to |φ′〉 (indistinguishable
from |φ′e〉) is now
w′(ϕ) =| 〈φ′|S′ |φ〉+ 〈φ′e|S′ |φ〉 |2
=
∣∣∣∣∣f(ϕ)

∑
j
α∗jαje
ijϕ
∑
k
β∗kβke
ikϕ

+
f(−pi + ϕ)
(∑
l
β∗l αle
il(−pi+ϕ)∑
m
α∗mβme
im(−pi+ϕ)
)∣∣∣∣∣
2
. (17)
Equation (17) is not the same as (14). In fact, except for the four cases when each initial spin has
sz = +s or sz = −s, there is an infinity of cases for which this dynamical argument fails.
3.1 An example
If we take initially longitudinally polarized spin half (s = 1/2) particles with both spins along x axis
(α−1/2 = 1/
√
2, α1/2 = 1/
√
2 and β−1/2 = 1/
√
2, β1/2 = 1/
√
2), the standard SSC gives
w = |f(ϕ)− f(−pi + ϕ)|2 (18)
while the dynamical approach gives
w′ =
∣∣∣∣∣f(ϕ)
(
e−iϕ/2 + eiϕ/2
2
)2
+ f(−pi + ϕ)
(
ei(−pi+ϕ)/2 + e−i(−pi+ϕ)/2
2
)2∣∣∣∣∣
2
(19)
=
∣∣f(ϕ) cos2(ϕ/2) + f(−pi + ϕ) sin2(ϕ/2)∣∣2. (20)
In fact, at ϕ = pi/2, we have for a spherically symmetric potential, f(ϕ) = f(−pi + ϕ) i.e. f(pi/2) =
f(−pi/2). Hence, w = 0 while w′ = |f(pi/2)|2. Thus, we note that the dynamical approach does not give
the standard result even for identical initial spin states, except when they are perpendicular to the plane
of scattering.
For one spin along x axis, the other along −x axis, (α−1/2 = 1/
√
2, α1/2 = 1/
√
2 and β−1/2 = −1/
√
2,
β1/2 = 1/
√
2), standard SSC result is w = |f(ϕ)|2, while dynamical approach gives
w′ = |(f(ϕ)− f(−pi + ϕ)) cos2(ϕ/2)|2. (21)
At ϕ = pi/2, we have w = |f(pi/2)|2, while w′ = 0.
Thus the elastic scattering spin parameter
CLL =
w(→→) − w(→←)
w(→→) + w(→←) , (22)
(which measures the asymmetry in differential cross-section between initial spins longitudinally parallel
and longitudinally anti-parallel), at ϕ = pi/2 becomes −1 for standard SSC but +1 for dynamical
approach.
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3.2 What would work?
Thus, we note that a dynamical interaction of the form s.ω = szωz cannot reproduce the SSC.
However, an interaction of the form
Hint = sωz, (23)
where s is the spin of each of the identical particles (e.g. 1/2 for electrons) and z-axis is perpendicular
to the plane of scattering, would work for all spin states of the particles. With (23), (17) becomes
w′(ϕ) =
∣∣∣∣∣f(ϕ)

∑
j
α∗jαje
isϕ
∑
k
β∗kβke
isϕ

+
f(−pi + ϕ)
(∑
l
β∗l αle
is(−pi+ϕ)∑
m
α∗mβme
is(−pi+ϕ)
)∣∣∣∣∣
2
, (24)
which reduces to (14). However, it produces atomic energy level shifts discussed in the next section. In
any case, this is a peculiar interaction and appears unrealised in nature.
4 Comparison with electron in orbit
The crucial assumption made in [1] is that the phase obtained using Hint = s.B in the rotating CM
frame in which particles forward-scatter gives the phase accrued in the non-rotating CM frame.
Now, would such a spin-gravito-magnetic phase accrue on a single particle scattering off a fixed poten-
tial and further also on a particle in orbit say in a storage ring or on an electron in a Bohr atom orbit?
And in which frame should Hint = s.B, if at all, be applied in these cases? Indeed the spirit seems
to be that a change in momentum direction is equivalent to universe rotating. Thus, one must take a
co-rotating1 frame and apply an interaction of the form Hint = s.B in it to yield the lab frame phase.
Or else, this prescription of a co-rotating frame applies only for particle scattering.
Applying this prescription to an electron in atomic orbit we should obtain the gravito-magnetic phase
on it in the lab frame. Bz = −ω here, where ω is the angular velocity of the electron. Such a spin-
dependent phase due to gravito-magnetic interaction on the orbiting atomic electron would manifest
as a spin-dependent energy splitting between spin-up and spin-down states. There are caveats here
of picturing an electron in atomic orbit and assuming similar effects for bound vs scattering states.
Further, it is possible that since the electron is revolving rather than merely rotating, there are other
spin-dependent effects that cancel the spin-gravito-magnetic effect.
The only relevant splitting observed experimentally that depends on the spin and the angular-velocity
is the fine structure splitting due to spin-orbit coupling. It has two parts, the first due to the electric
field of the nucleus in which gravity has no role and the second, Thomas correction (related to Thomas
precession), is of magnitude −s(1 − γ)ω, where γ = 1√
1−v2 and v the speed of the electron (Thomas
correction is approximately half that of the first and opposite in sign). It is the second part which,
if at all, may come from gravity. In non-relativistic case (γ ≈ 1), this term is too small to allow the
spin-gravito-magnetic effect −sω as per the above prescription.
Further, this prescription would also cause different shifts for different azimuthal quantum numbers
l. Note that the interaction that works for all spin states namely (23) would have the z-axis defined
perpendicular to plane of orbit, and would also cause different shifts for different azimuthal quantum
numbers l.
1Here, co-rotating means rotating at the rate at which the linear momentum changes direction. This co-rotating frame
need not be co-moving. Thus it could be a frame with origin at nucleus and rotating at angular velocity of electron
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5 Rotation based proofs
A typical rotation based proof of SSC [9] postulates that physical exchange of identical particles into
the same configuration must leave the total wavefunction unchanged (not even a phase change). There,
physical exchange operators Rab are constructed for every pair (a, b) of identical particles, which rotate
only those two particles by pi about specially chosen axes. Rab actually rotates different simultaneous
spin eigenkets |mas ,mbs〉 of the particle pair (a, b) by pi around different axes, such that particles a and b
end up exchanged back into their initial spatial and spin configuration.
Thus from the action of Rab
Rabψ(a, b, . . .) = e
i2pisψ(b, a, . . .), (25)
then using the postulate of invariance of wavefunction underRab, we get symmetrization/anti-symmetrization
for bosons/fermions
ψ(a, b, . . .) = ei2pisψ(b, a, . . .) = ±ψ(b, a, . . .). (26)
Both the gravito-magnetic approach and the rotation approach involve some kind of rotation to gen-
erate a spinor phase. However the rotation approach works for arbitrary spins while the dynamical one
does not (shown in section 3). This is because the dynamical approach involves rotation about a fixed
axis perpendicular to the plane of scattering, irrespective of the particles’ initial spin states. But the
rotation approach uses a physical exchange operator that rotates different simultaneous spin eigenkets
|mas ,mbs〉 of a pair (a, b) around different axes.
Consider the scattering example in subsection 3.1, i.e. both spins along x axis and axes as in figure
2. The joint spin state of both particles is (in terms of |sz〉 basis for each spin, |↓〉 ≡ |sz = − 12 〉 and
|↑〉 ≡ |sz = 12 〉):
1√
2
(|↓〉+ |↑〉)⊗ 1√
2
(|↓〉+ |↑〉) = 1
2
(|↓↓〉+ |↓↑〉+ |↑↓〉+ |↑↑〉). (27)
The dynamical approach would use a frame rotating about the z-axis. However, the physical exchange
operator Rab would rotate |↓↓〉 and |↑↑〉 by pi about the z axis, but would rotate |↓↑〉 and |↑↓〉 by pi about
the y axis, to obtain the same spin configuration after physical exchange.
Thus the rotation based proof uses contrived physical exchange operators and escapes the objections to
the similar-seeming dynamical proposal. Of course the rotation based proof’s basic premise of postulating
a certain behaviour of the wavefunction (instead of observables) under transformations has been elsewhere
questioned [10].
6 Conclusion
The proposal of [1] to obtain the SSC via spin-cosmic-gravity dynamics does not reproduce the scattering
cross-sections given by the standard implementation of SSC in quantum mechanics, for most initial spin
states of scattering identical particles. Further, it could cause (with caveats) a large spin-orbit effect in
atomic energy levels which is not measured. No simple dynamical interaction seems available to account
for the SSC.
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